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Answer any five, each question carries 6 marks.

1.

(a) What is the o-algebra generated by singletons. Justify your answer.
(b) Let X be a set and f: X — [0,00] be a function. For any £ C X, define
W(E) =0if E =0 and p(E) = sup{)_,.p f(x) | F is a finite subset of £} if

E
E # (). Show that u is a measure. (Marks /).

. (a) Let Y = {A C R | A or A®is countable} and p be the measure defined by

u(A) = 1if A is not countable and p(A) = 0 if A is countable. Describe the
corresponding measurable functions and their integrals (Marks 4).

(b) Prove that the set of points at which a sequence of measurable functions
diverges is measurable.

Prove that the Lebesgue outer measure of an interval is its length.

. (a) Let (X, A, 1) be a measure space with infge 4 u(E) > 0. If f is an integrable

function on X, prove that f is bounded a.e.

(b) State and prove Fatou’s lemma (Marks 3).

(a) State and prove Borel-Cantelli lemma (Marks 3).

(b) Let (X, A, 1) be a measure space and (4,,) is a descending sequence of sets
in A and p(A;) < oo. Prove that pu(A,) — p(NA,).

(a) Let S = {0, X} and define u: S — [0, 00) by u(0) = 0, u(X) = 1. Determine
p*-measurable sets and the Caratheodry measure induced by p (Marks 3).

(b) Prove: union of p*-measurable sets is p*-measurable for a outer measure pu.

Let 7@ be the Caratheodry measure induced by a nonnegative function p defined
on a collection of subsets of a set X and u* be the outer measure induced by
fi. Show that for E C X, we have u(E) > p*(E) and u*(FE) = p*(F) if and
only if there is a p*-measurable set A containing £ with p*(A) = p*(E).



